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Introduction

Deformable models = evolution of curves / surfaces to minimize an energy
function for

m finding the best image partition into homogeneous regions

m finding the contours of an object

Representation:
B parametric,

m implicit, using level sets.

Criteria on
m contours
m region homogeneity

m other types of constraints:

m regularity (internal)
m external: balloon force, spatial relations, geometry...
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m First work: Kass, Witkins et Terzopoulos (1987).
m Principle: evolution of a curve under internal and external forces (one
object, parametric representation)

v(s) = [x(s),¥(s)]" s€l01]

m Energy: Eiora) = fol (Eint(V(S)) + Eimage(V(S)) + Eext(V(S))) ds
m Internal energy: regularization

= ats) (2) 400 (%2)

control of tension (length of the curve) and of curvature (if s =
curvilinear coordinate, tangent T = %, ||T|| =1, and 4L = kN, k curvature).
m Energy from image information (gradient, information on contours):

Eimage = g(HVfH)
m External energy: many possibilities

1. Bloch



Resolution

m Euler-Lagrange equation:
0E d 0E) (8E ) =
ov  ds dv!’ " ds2 v’ T
= variational problem
—(av) (s) + (BV")"(s) + VP(v) = 0
P(v) = Eimage(v) + Eext(v) F(v) = —=VP(v)
+ limit conditions.
m Discretization using finite differences

VE=[V, v, v, ... , vt
« 2a
%V,‘+2—(F+4%)Vi+1+( h +4_) Vi ( +4h2)VI 1—|—f2V, 2= F(v)
AV =F

A: pentadiagonal matrix
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Resolution (dynamic scheme with inertia)

Evolution of the curve in time:

T% =—av' + V" + F(v)

v(t+1) = (A+ 7)1 (F(v(t)) + Tv(t))
initialization (crucial for convergence)

choice of 7 (inertia, regularization of A)

matrix inversion

constant discretization step for t (set to have a displacement of 1-2
pixels)
m stopping criterion
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Types of active contours and associated matrices

Closed active contour

2046p —a-dp B 0 0
—a-4p 2046B —a-4p B 0
[p —a-4p 20468 —a-4p B J
0 P —andp 20468 —andp
0 0 B —ondp 2046p
[ —a-4p B 0 B —a-4p
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l_:ree end-points

i

-a-2f

(with v//(0) = v"(1) = v"(0) = v"/(1)

2 B

20458

—a-4f

0

p 0
-o-4p B 0
20+6f —o-4p B
-a-4f 204+6p —a-4p
b -a-4p 20+6f
B —a-4
B

1. Bloch

0)

20458

2B

-0-2B
g




Fixed end-points o
20+6p —o-4f B
—o-4p 20+6f —0-4f

B —a-4p 2a+6f
0 B —0-4p
0 0 i

1. Bloch

-a-4p
2046

-a-4p

—a-4p

20460




1. Bloch



Evolution example

Evolution
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Balloon force (Cohen, 1991)

m Problem:

m bad initialization = no attraction
m no forces = curve collapses

m Solution using a pression force (balloon): ki N(s)
(N(s) unit normal vector at s).

m Initialization: inside or outside the object (not necessarily very close
to the searched object)
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Distance map D(x,y) = potential

Paist(x, y) = we PG
Fext - _V'Ddist
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Gradient vector flow (Xu et Prince, 1997)

Objectives:

m get rid of the constraints on the initialization
m convergence towards concave regions

Diffusion of gradients in the whole image

For V(x,y) = (u(x, y), v(x, y)), minimization of:

E = //M(U?( + u}2, +v2 4 vf) + |Vf(x,y)|2\7 — Vf(x,y)[>dxdy

m f = contour map
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Solving and generalizing GVF

More general formulation:

ov
57 = &UIVIINV2y = h(|VF)(v = V)

v(x,y,0) = Vf(x,y)
Examples for functions g and h:
m g(r) = p h(r)=r?
= g(r) = exp(55), h(r) =1 g(r)
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Classical active contour: illustration

Final resul, iter = 500
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Using GVF:
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Using GVF:
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GVF: example of evolution

Evolution
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3D parametric deformable models

m Segmentation with regularization:

m data fidelity
m smooth surface

m Minimization of energy:

ov ov
E(v) = / woll 27|12 + 01||—||2
Q S

2
H2 + WozH ||2 + 2W11H

+W20”

-l-/Q P(v)drds

||2drd5
Js

m first order: elastic membrane (curvature)
m second order: thin plate (torsion)
m P: attraction potential

Similar resolution schemes as in 2D.

1. Bloch Deformable Models 23 /55



Geodesic active contours (Caselles, 1997)

m Principle:
b b
A(v)=a / V/(s)Pds + A / g(IVI(u(s)))?ds

b
minimization of J(v) = 2v/a / V(8) (1Y 1(v(s))])ds

= computation of geodesics according to a new metric (induced by
the image)
m Evolution equation:
0
a_: = g(1)kN — (Vg.N)N
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Geodesic active contours: example

Evolution
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Implicit representation, without parametrization

m Principle:
Let I'(t) be a closed hypersurface (dimension d — 1)
Let ¢ (dimension d) be a function taking values in R with

[(t) = {x e RY | (x,t) = 0}

propagation of ' (evolution along the normal) < propagation of
m Example: distance function

m Evolution equation of ¢

oY

= —Flvyl|

, _ v = div(2L
NB: normal N = Ty Mean curvature k dIV(”W,H)
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Additional dimension: example of distance
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Propagation using level sets

m Propagation speed:
F = (FA + FG)k/

m F, expansion or contraction, independent of geometry,
m F¢ geometric properties (curvature),
m k; stopping criterion (image).
1
F =
1+1||VG, *1]|P

m Advantage: potential modification of topology.

(£1 +¢r)

m Speeding-up by computation only in a narrow band.
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Level sets and change of topology

Example
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Simulated images:

Résolution : 1x1x1 mm?® (Université McGill)
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various noise levels:

imulated images with

error on s

Segmentation

]
1
B P S

L) S N
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Real images:

Evolution
Result
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Region-based approach: Mumford and Shah (1989)

m Image f on a support 7.

m Approximation by smooth functions g(x, y) on regions R; limited by
contours Fj (I =UR Ul T = Ujrj):

r R
T T4
p Ry

m Functional to be minimized: U(I', g,f) =

M [ o) — gy [[ Vet Pady v [ a
\[ \[ r
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Mumford et Shah approach in the piecewise constant case

g = constant on each R; :

Uo(T, ) = Z)\,- //Ri(f—gi)zdxdy—ku/rd/

1
=8 = //R f(x,y)dxdy

where s; is the area of R;

= Partition of space into homogeneous regions, characterized by their
average gray level.
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Formulation using level sets

m Contour [
m Two regions Ry = int(') and Ry = ext(I") with constant values gy
and g»

uir,eg, f)=)\1// (f—gl)deder)\z// (f—gz)ded)’+V/d/
R1 R2 r

Level set:
=0 onl
d(x,y)< >0 in Ry =int(l)
{ <0 inRy=-ext(l)
r(t) = {4(t) = 0}
Evolution (mean curvature motion)'

8¢ B B

(v(r,s) = (r,s,®(r,s)) = 9 = (1,0,22)%, 9 = (0,1, Z2)¢, etc.)
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Ha={ g (2o M@=
= [ar= [[wH@)ad = [ s@)voisdy

and U(T, g,f) =

n / (-0 H(o)dedy-+ 22 [ / (F—g2)2(1—H(@)) dxdy-+v /I 5(6)|Vé|dxd
Minimization of U:
fZ fH(¢)dxdy _ fI f(1— H(¢))dxdy
B T H(@)dxdy dxdy 87 (1~ H(6))dxdy

99 _
In practice: smooth versions of  and H.
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Level sets and multi-phase models (Chan, Vese, 2001,
2002)
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Segmentation of a MRI image with two level sets
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Example with junctions
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1. Generate sparse texture features
by nonlinear diffusion filtering

/

Brox, Weickert 04, 06




2. Mumford-Shah segmentation
of vector-valued features

Brox, Weickert '04, ‘06
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Region competition

Regions characterized by intensity distributions.

Probabilistic setting: partition P(Q) = {Q., Q;} maximizing
p(1P(€2))p(P(2)).

p(P(Q)) x vexp(—v|C|), v >0
p(IIP(Q)) = pI12e)p(112:) = T pe(1(x),6e) ] pili(x).6:)

xEQe

x€Q;
p(P(Q)|1) = vexp(—v[C|) T] pe(/(x),0e) [] pi(1(x).6:)
x€Qe x€Q;

Formulation as an energy minimization problem:

E({C.0e,0i}) = Ereg(C) + Ec({C, be}) + Ei({C, 6i})

Ereg(C) = —logv +v|C|,
{ Ee({C,0}) = — [icq, 108 pe(/(x), 0)dx
Ei({C,0i}) = — fXEQi log pi(/(x), 0;)dx
43 / 55



Implementation using level sets

¢ Q= R, ¢(x) >0in Qe, ¢(x) <0in Q; and ¢p(x) =0o0on C.

E(‘b» 9,‘, ee) = Ereg(¢) + Ee(d)’ 9e) + Ef(¢7 01)

{ Ereg(9) = v [1eq 0(6(x))[Vo(x)[dx,

Ee(9,0e) = — [ cq H(¢(x)) log(pe(/(x), b)) dx
Ei(¢,0i) = — [, cq(1 — H(¢(x))) log(pi(/(x), 0;))dx
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Learning distributions and their parameters:
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Init. 30 it. 60 it. 90 it. 120 it. 220 it. 390 it.
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Constraining deformable models by spatial relations

(Olivier Colliot et al.)

Examples

close to the lateral ventricle below

= additional external force (avoids leaking in undesired regions)
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Retina imaging (ISEP and XV-XX)

parallelism constraint

E(V7 V17 V2, b) = Elmage(vl) + Elmage(v2) + Elnt(v) + R(Vla V2; b)
1 1 )
Eimae(V) = | P(Vi9)ds = = [ [91(vi(s)) s
2
Epe(V) = %/a(s) ‘%

ds
1
R(V1, Vs, b) = /0 o(s)(B/(s))2ds

1. Bloch Deformable Models 50 / 55

2

+A(s) 0?V(s,t)

0s2




Eye fundus:
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Optical coherence tomography (OCT):

Adaptive optics:
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Practical work

Scikit-Image - Segmentation

m skimage.segmentation.active_contour: parametric
representation, contour-based approach.

m skimage.segmentation.chan vese: implicit representation (using
level sets), region-based approach.

1. Bloch Deformable Models 53 /55



m G. Aubert, P. Kornprobst. Mathematical Problems in Image Processing. Springer,
2006.

m V. Caselles, R. Kimmel, G. Sapiro. Geodesic Active Contours. International
Journal of Computer Vision 22: 61-79, 1997.

m A. Chambolle. Image segmentation by variational methods: Mumford and Shah
functional and the discrete approximations. SIAM Journal on Applied Mathematics
55(3): 827-863, 1995.

m T.F. Chan, L.A. Vese. Active contours without edges. |IEEE Transactions on
Image Processing 10(2): 266-277, 2001.

m L. Cohen. On Active Contour Models and Balloons. Computer Vision, Graphics,
and Image Processing: Image Understanding, 53(2):211-218, 1991.

m P. Getreuer. Chan-Vese Segmentation. Image Processing On Line, 2012. Code :
http://www.ipol.im/pub/art/2012/g-cv/?utm_source=doi

m M. Kass, A. Witkin, D. Terzopoulos. Snakes: Active Contour Models.
International Journal of Computer Vision, 321-331, 1987.

m D. Mumford, J. Shah. Optimal approximations by piecewise smooth functions and

associated variational problems. Communications on Pure and Applied
Mathematics, 42(5): 577-685, 1989.

1. Bloch



m S. Osher, J. Sethian. Fronts Propagating with Curvature Dependent Speed:
Algorithms Based on Hamilton-Jacobi Formulations. Journal of Computational
Physics, 79:12-49, 1988.

m N. Paragios, R. Deriche. Geodesic active contours and level sets for the detection
and tracking of moving objects. IEEE Transactions on Pattern Analysis and
Machine Intelligence 22 (3): 266-280, 2000.

m L.A. Vese, T.F. Chan. A Multiphase Level Set Framework for Image
SegmentationUsing the Mumford and Shah Model. International Journal of
Computer Vision 50(3): 271-293, 2002.

m C. Xu, J. Prince. Gradient Vector Flow: A New External Force for Snakes. |IEEE
Conference on Computer Vision and Pattern Recognition (CVPR), 66-71, 1997.

1. Bloch



